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The interesting dynamical behaviours exhibiting in chemical reaction systems, such as multiple
steady states and undamped oscillations, often result from unstable steady states. A positive real
eigenvalue condition is proposed which gives a necessary and sufficient condition for the determi-
nation of an unstable steady state having a positive real eigenvalue in general isothermal reaction
networks. Formulas are developed to construct an unstable steady state and a set of positive rate con-
stants. The applications are illustrated by three examples. Two give rise to oscillations and one admits

multiple steady states.
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1. Introduction

Some interesting dynamic phenomena in chemical
reactors, such as unstable steady states, undamped os-
cillations, and multiple steady states, have been shown
to occur under both isothermal and non-isothermal
conditions. There are a growing number of experi-
mental systems in which the interesting behaviour is
exhibited in isothermal reactors [1 —5] and biological
systems [6—8]. This is to say that instabilities derive
not from thermal effects but rather from the intricacy
of chemistry itself. The identification of such reaction
mechanisms is important, since it not only helps exper-
imentalists to determine reaction mechanisms but also
helps engineers to design more efficient and safer re-
action processes.

Some results of the chemical reaction network the-
ory have been based upon classification of reaction net-
works by means of a nonnegative integer index called
the deficiency. Work of Horn [9], Horn and Jackson
[10], and Feinberg [11] led to the deficiency zero the-
orem: for any deficiency zero network, no matter what
the positive rate constants are, there is at most one pos-
itive steady state; that steady state is stable and there
does not exist any cyclic solution. However, the sta-
ble property of deficiency zero networks is not shared
in a general way by networks of higher deficiency.
The deficiency one theorem [12] and the deficiency

one algorithm [13] provide means to distinguish be-
tween those (deficiency one) mechanisms which can
exhibit multiple steady states and those which can not.
Besides these deficiency-oriented theories, the subnet-
work analysis [14, 15] and the SCL (species-complex-
linkage) graph method [16] can also be applied to de-
termine the possibility of multiple steady states. The
stoichiometric network analysis developed by Clarke
[17] is a powerful tool to study the stability of com-
plex reaction networks. Based on the stoichiometric
network analysis, conditions for the occurrence of a
Hopf bifurcation in reaction networks are proposed in
[18,19].

The interesting dynamical behaviours often occur
because of the existence of unstable steady states. A
perturbation of an unstable steady state may lead to
other stable steady states, undamped oscillations, and
so on. The stability of a steady state can be analyzed by
linearizing the corresponding systems of ordinary dif-
ferential equations and examining the eigenvalues of
the Jacobian [20]. If there exists a positive real part of
eigenvalues, the steady state is unstable. If all the real
parts of eigenvalues are negative, the steady state is sta-
ble. More subtle nonlinear stability analysis is needed
for zero eigenvalue situations [20]. In this paper, we
study the possibility of the existence of an unstable
steady state having a positive real eigenvalue for chem-
ical reaction networks. (Assumptions are that reacting
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systems are under isothermal condition and follow the
mass action law.) Based on linear algebra, a necessary
and sufficient condition for the determination of an un-
stable steady state having a positive real eigenvalue in
general reaction networks is proposed. It forms a sys-
tem of inequalities and equations. If a set of solutions
exists, the corresponding mass action differential equa-
tions for the network under study exhibit an unstable
steady state for certain positive rate constants. Other-
wise, the network admits no positive-real-eigenvalue
steady states no matter what positive rate constants the
system might have. The formulas to compute an unsta-
ble steady state and a set of positive rate constants are
also developed. Several reaction networks are studied
to illustrate the applications. Undamped oscillations
and multiple steady states are presented.

2. Basic Theoretical Considerations

Terminology is introduced by examples and Table 1.
(Formal definitions can be found in [12, 13].) Consider
the “Brusselator” studied by Glansdorff and Prigogine
[21]. Stripping away species assumed to have constant
concentrations, it is

02A, — Ay,

(1)
2A1 +A, — 3A;.

We will use the symbol N to denote the number of
species in a network under consideration. Thus, for
network (1) N = 2. By RV we shall mean the usual
vector space of N-tuples of real numbers. The standard
basis for R will be denoted {A},As, ..., Ay}

The complexes of a network are the objects that
appear before and after reaction arrows. Thus the
set of complexes for network (1) is {0,A1,4,,24; +
Aj,3A1}. Given a network with N species, we shall as-
sociate with each complex a vector in RY. Consider
network (1). With complex 0 (zero) we associate the
complex vector 0 in R2; with complex 24, 4+ A, we as-
sociate the complex vector 2A| +A»; and so on. [Note
that O (zero) is a complex but not a species. Its phys-
ical meaning is “surroundings”. The reaction 0 — A
indicates that species A| flows from surroundings into
the system; the reaction A| — indicates that species A
flows from the system into surroundings.]

We shall write y; — y; (or the abbreviation i — j)
to indicate the reaction whereby the complex y; re-
acts to the complex y;. We denote the set of reactions
in a network by the symbol R. Thus the set of reac-
tions in network (1) is R={0 — A;,A; — 0, A} —
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Table 1. Used symbols and nomenclature.

A1,Ay,... chemical species

c1,c2,... molar concentrations for species Aj,A», ..., mol/l

d, composition vectors at stable steady states, mol/l

c* composition vectors at unstable steady states, mol/l

da\ a set of spanning-subnetwork vectors in RX

F reaction set in a spanning subnetwork

ki j rate constant for reaction i — j, (mol/])! —reaction order -1

ki—o flow rate, s~!

L (= r— p—s), number of linearly independent
solutions of (3a)

N number of species in a reaction network

pV nonnegative orthant of R

)4 number of distinct reversible reaction pairs in a network

R reaction set

RR vector space for r-tuples (i — j) of real numbers
with reaction i — j in the reaction set R

r number of distinct reactions in a network

Sy stoichiometric subspace for a network

s number of ranks in a network

t time, s

Yi,yj complex vectors

o variables used in the positive real eigenvalue condition

Y the nonzero real eigenvector

Ki—j variables defined in (7¢)—(7g)

A a positive real eigenvalue

n variables defined in (7a)

;i j the standard basis for vector space R¥

& variables used in the positive real eigenvalue condition

Ap,2A1 + Ay — 3A;}. We reserve the symbol r for the
number of distinct reactions in a network. For network
(1), r = 4. A reaction y; — y; is said to be reversible
if its reverse reaction y; — y; is also in the network;
otherwise, the reaction y; — y; is irreversible. We shall
call reversible reactions y; = y; a reversible reaction
pair. The symbol p indicates the number of distinct re-
versible reaction pairs in a network. The number of ir-
reversible reactions in a network is 7 — 2 p. For network
(1), there are one (p = 1) reversible reaction pair and
two (r—2p =4 —2) irreversible reactions.

With each reaction of the network we associate a
reaction vector in R" obtained by subtracting the “re-
actant” complex vector y; from the “product” complex
vector yj, i.e. yj —y; . Consider network (1). For reac-
tion 0 — A1, the corresponding reaction vector in R? is
A —0(=A)). The set of reaction vectors for network
(1) is {:I:A],Az —A1 ,A] —Az}.

We shall say that a reaction network has rank s, if
there exists a linearly independent set of s reaction vec-
tors for the network and there exists no linearly inde-
pendent set of s+ 1 reaction vectors. The set of two
reaction vectors {Aj,A, —A;} for network (1) is lin-
early independent, but any set of three reaction vectors
for network (1) is linearly dependent. Thus, the rank of
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network (1) is two, and for it we write s = 2.

The stoichiometric subspace for a network is the
span of its reaction vectors. We shall reserve the sym-
bol S; to designate the stoichiometric subspace for a
network. It is clear that a stoichiometric subspace is a
linear subspace of RY. The dimension of a stoichio-
metric subspace is equal to the rank s of its network.
The stoichiometric subspace for network (1) is the span
genezrated by the reaction vectors {A|,A> —A; }, which
is R=.

We shall say that a vector ¢ = [¢, -+ ,0n] €
RY is sign compatible with (s.c.w.) a vector ¢ =
[o1,---,0n] € RN, if sign o = sign¢y, L =

1,2,...,N. This means that oy is positive, if ¢y, is pos-
itive, oy, is negative, if ¢y, is negative, and oy, is zero, if
¢r is zero.

Suppose a network under consideration has r dis-
tinct reactions with p reversible reaction pairs and
r — 2p irreversible reactions. A spanning subnetwork
of the network under consideration is a network con-
sisting of all the r — 2p irreversible reactions and one
and only one reaction of each reversible reaction pairs.
There are r — p(= (r —2p) + p) reactions in a spanning
subnetwork. We shall reserve the symbol F to denote
the set of reactions in a spanning subnetwork. The net-
work

0—-A] —Ay,2A1+A; — 3A, )

is a spanning subnetwork of network (1), since it con-
sists of the two irreversible reactions and one reaction
of the reversible reaction pair in network (1). For it we
write F' = {0 —A,A] = Ap,2A1+ Ay — 3A1}

A network having one or more than one reversible
reaction pairs (p > 1) will contain more than one
spanning subnetwork. In what follows it will be un-
derstood that we have chosen to work with a fixed
(but arbitrary) spanning subnetwork in each case un-
der study. For a chosen spanning subnetwork, we shall
construct a set of corresponding spanning-subnetwork
vectors {d1) d® ... .d"=P=5)} in a vector space RX.
Let {w;—, : i — j € R} be the standard basis for RE.
These spanning-subnetwork vectors are the r — p — s
linearly independent (nonzero) solutions to the vector
equation

Y, 4" mi-y)=0, L=12,...r—p-s. Ga)

i—jeF

(A solution is a family of numbers {d-(L) i—jeF})

i—j

Then, dY,L =1,2,...,r — p —s, are vectors defined
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in the following way:

d(L)Z Z dl-(i)jwiﬂj.

i—>jeF

(3b)

Consider network (1). For an arbitrary spanning
subnetwork, there is one (r—p—s=4—-1-2=1)
spanning-subnetwork vector d!) in RX. Let network
(2) be the chosen spanning subnetwork. By (3a) we
have

df 4, (A1 —0) +d)

—, —Ayp

(A2 —Ap)
(1) (3¢)
+dS) 0 aa, (3A1— 24, —Ag) = 0.

A set of nonzero linearly independent solutions to
the above equation is

(n  _ m  _ (1) _
dop, =0,dy g, =1 dyf 1y 30, =1 (4)
Let ¢ = [c,¢2,...,cn] be a composition vector in

PV (nonnegative orthant of R") for species A7, L =
1,2,...,N. In general, the set of isothermal mass ac-
tion differential equations describing the behaviour of
a reaction network can be written as

%:f(c):(ﬁ(c),m,fzv(c))
N (5a)
=Y kH,’(Hc’{’L) v =i,
i—jeR L=1

where y; and y; denote, respectively, the reactant and
product complex, y;;, denotes the stoichiometric coeffi-
cient of species Ay in the reactant complex y;, and k; .
denotes the rate constant for reaction i — j. The mass
action differential equations for network (1) are

d01
rr koA, —ka,—0c1 —ka,-a,C1
2
+ koA, 14,34, C1C2, (5b)
dCQ 2
e ka;—a,¢1 — ko 14,34, C1C2-

By a steady state of a reaction system we shall mean
a composition ¢* satisfying 0 =f(c*). By a positive
steady state we shall mean a steady state at which
all species concentrations are positive. Only positive
steady states are considered in this article.

For each composition ¢ € PV the right-hand equa-
tion of differential (5) is a linear combination of all re-
action vectors in its network. This is to say that de/d¢
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always lies in the stoichiometric subspace S; of the net-
work under consideration. Moreover, a composition ¢
can evolve to a composition ¢; only, if such a compo-
sition change ¢, — ¢ lies in S; [9]. Suppose ¥y =c —c*
be a vector of composition change around a positive
steady state ¢*. Then 7y is restricted to S;. Any vector
v € S; of a given network can be represented by reac-
tion vectors in the reaction set F for an arbitrary chosen
spanning subnetwork:

Y vii-y). (©

imjeF

Y=M"% W=

3. Results and Discussion

A positive real eigenvalue condition is proposed be-
low. It provides a necessary and sufficient condition
for the determination of an unstable steady state hav-
ing a positive real eigenvalue with its eigenvector ly-
ing in the stoichiometric subspace for general reac-
tion networks with any deficiency. For a given reac-
tion network, we choose an arbitrary spanning sub-
network and construct its spanning-subnetwork vec-
tors. Following the condition proposed below, a sys-
tem of equations and inequalities is constructed. We
then solve the system. If a set of qualified solutions
exists, there is a set of positive rate constants such
that the corresponding isothermal mass action differ-
ential equations for the given network admit an unsta-
ble steady state with a positive real eigenvalue. Other-
wise, no matter what positive rate constants the system
might have, the differential equations cannot exhibit
any positive-real-eigenvalue steady state.

The logic behind the theorem is explained in the fol-
lowing. We derive the steady state equation (5a) and its
derivative equation. A linear transformation is set up to
describe these two equations by vectors such that these
vectors lie in the kernel of the linear transformation. A
basis is constructed for the kernel of the linear transfor-
mation and the two vectors are represented by the ba-
sis. From these equations we construct the conditions
such that the steady state is nonnegative and one of its
eigenvalues is a real positive number. The proof of the
condition is shown in the supporting information.

3.1. Positive Real Eigenvalue Condition

Consider an N-species reaction network with reac-
tion set R and stoichiometric subspace S;. Suppose the
network has rank s and r reactions with p reversible re-
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action pairs. Let the reaction set for an arbitrary span-
ning subnetwork be F and let {d(!) ,dU—r=9)}
be a set of corresponding spanning-subnetwork vec-
tors. Then the corresponding isothermal mass action
differential equations for the given network have the
capacity to admit an unstable steady state having a pos-
itive real eigenvalue with its eigenvector in the sto-
ichiometric subspace S;, if and only if there exist a
nonzero vector ¥ € S;, a vector g € RY which is sign
compatible with 7, and also numbers &1, &, ...
ap,0,...
tions:

7§r—p—s,
, 04— p_s satisfying the following two condi-

(i) For every reversible reaction

yi2yj€Rwithy; —y; €F,

B o
Y [GeOi-p) +ould; — %
L=

and
Eol o)
Y elj-w) +ouldi™ = vy
L=

ares.c.w. (yj —yi)- M.

(ii) For every irreversible reaction y; — y; € R,
r—p—s
Z éLdi(i)j >0
L=1

and

r—p—s

Z (&L (yi-

L=1

)+aL} z—»] %_’]70

If a set of solutions to the above conditions exists,
the vectors ¥, i and the numbers &, 04,i = 1,...,r —
p — s, are used to construct a set of positive rate con-
stants {k;_.j,i — j € R} and an unstable steady state
¢* having a positive real eigenvalue A (> 0) with its
corresponding eigenvector ¥ € S; . They are:

* * * Y N W
c=cly..cy|l=—=|—, -, —]|, (7a)
i v u [.Ul .UN}
where ¢ is any positive real number, if ¥, = iy =0
kioj=————, Wi —V€R, (7b)
I_I ( )ylL
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where A is any positive real number. The variable x;_., ;
is evaluated as follows:
For every irreversible reactioni — j € R,

v (L)
Kisj= Z ngiﬂj* (7¢)
L=1

For every reversible reactioni = j € Rwithi — j€ F
andy;- | #yj- I,

r—p—s
Lgl (CLyi-p)+ aL}di(i)j —Yiej

Kji = , (7d)
! vj—yi)-u
LG+ anld -
& LYj-H L4 ;= Yiej o
Kij= . €
! vj—Yi)-n

For all reversible reactions i = j € Rwithi — j€ F
andy;-p =yj- M,

Ki-;j>0, xj.;>0, (71)

N e gD
Kisj— Kjsi = Z éLd,-_,j' (72)
L=1

3.2. Applications

Example 1

Consider network (1). By the spanning-subnetwork
vector in (4) and the positive real eigenvalue condition,
a set of inequalities and equations is constructed as fol-
lows:

For a reversible reaction 0 = A; with0 — A| € F,

[51 -0+ (Xl] -0— Y4, and

Ei-u+o0u]-0—17-_4a, ares.c.w. l;. (8)
For an irreversible reaction A; — Aa,

& >0, (8b)

[S1 (1) + o] = Ya,—a, =0. (8¢)
For an irreversible reaction 2A| +A; — 3A1,

& >0, (8d)

(612 + 12) + ou] — YA 14,34, =0.  (8e)
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From (6), the eigenvector y € S; is represented by

Y="Y0-4,(A1 —0)+ 74,4, (A2 —A})
+ P4, 44,34, (3A1 —24| —Aj)
= [A1](W—a, = Ya,—a, + VoA, +4,-34,)
+[A2] (Y, -4, — Vo4 44,34, )-

The condition requires that g is y. This implies that
Hy iss.c.w. ,}/0—>A1 - ,}/A1—>A2 + ’)/2A1+A2—>3A13 (93.)

H2 15 S.C. W. YA, =4, — VoA, +4,—34, - (9b)

The inequalities and equations (8) and (9) are solved
to determine an unstable steady state with a real posi-
tive eigenvalue. From (8a), (9a) and (9b), the sign pat-
terns of ; and U, are required to solve (8) and (9).
Thus, it is divided into many cases by assuming the
sign patterns, such as u; > 0, tp > 0; uy >0, up =0;
u1 >0, uy < 0. For each case it is not difficult to see
that the system of equations (8) and (9) with the as-
sumed sign pattern is linear. Indeed, this is always true
for any reaction network with »r — p —s = 1. Mathemat-
ically, a linear system of inequalities and equations can
be solved by the Simplex method even when contain-
ing many unknowns. By this method we find a set of
solutions to (8) and (9). It is

1u'1:_27 ,UZZI.S,
=6, a =15, (10)
Yo—a, =1, Ya,—a, =3, PYa,+4,-34, =0.

Based on (7) and (10), we construct an unsta-
ble steady state ¢* having a positive real eigenvalue
(A =1) with its eigenvector y € S; and a set of cor-
responding positive rate constants:

1
= Y [% Yz] = |:_(YO—>A1 — YA, —A,

[T M
Py Ay ), A YZA‘*AP“‘} (11a)
2
1-340 3-0
[ -2 15 ] =12

2 A (ﬂbﬁgl)
Koy = Ak - pyie = i
0—A; Ko AI/LI;[I(CL) C?Cg
1-1/-7)
= ey

(11b)
=0.5,
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Fig. 1. The phase portrait for the
reaction network (1) with the
rate constants given in (11).

rate constants in (11), six different initial conditions
(I.C.) are simulated and the result is shown in Fig-
ure 1. The phase portrait of ¢ vs. ¢, shows that the
unstable steady state ¢* in (11a) (K in Fig. 1) and the
other four initial conditions (M, N, O and P) are sur-
rounded by a clock-wise stable limit cycle (R — S —
.). The point L outside of the limit cycle

10
v The path of I.C. 1: K-Q-R-S-T-R...
a2 Thepath of I.C. 2: L-R-S-T-R...
8 4 o The path of I.C. 3: M-T-R-S-T-R...
= Thepath of I.C. 4: N-R-S-T-R...
R o The path of I.C. 5: O-T-R-S-T-R...
6 The path of I.C. 6: P-R-S-T-R...
3 S
o
E 4
DN
2 -
0 A Z
L
0 2 4 6 8
¢,, mol/l
2 ( Y—4, )
u—0
kA —0 = A'KA HO/ ylL
: : U IS (110
1/-2
_1EY=2) g6
DER
ka,—a, = lKAlﬂAz/H (cp ) T—R—..
(11d) also approaches it.
_ (fldAwAz) 101 _
CiC% T ()2)P Example 2

2
koa 14,34, = )vK2A1+A2—>3A1/H )y

L=1
A (éld&i\)l-&-f\z—ﬁfh) _ 1(6)(1) -3
23 IO,

The calculated steady state is one of the many states
that are unstable.

The reaction network (1) has deficiency one. A de-
ficiency one network can or can not admit multiple
steady states. The deficiency one algorithm [13] is used
to show that network (1) can not admit multiple steady
states no matter what rate constants it might have. A
perturbation of a steady state may grow, because of
the instability, and approach eventually another attrac-
tor. It is interesting to know where an initial concen-
tration, near the unstable steady state ¢* in (11a) does
go without approaching any other steady state. For the

(11e)

Consider Higgins’ model [22] for glycolysis

0—A,

Al +Ay — A3+ Ay,
Az — A,

Ay — A4+As,
Ay+Ag — A7,

A7 — Ag,

(12a)

and its corresponding mass action differential equa-
tions

dC]

e koA, —ka,+4,-A3144C1C2,

d02

e —ka| +As A3 +A,C1C2 + KAy A,C3

—kay A, +45C2 +ka, 1 A5—a,C4C5,
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dC3

e kA 44y A3 +A,€1C2 — ka3 —,C3,

dC4

T ka +4y—A3+A,€1C2 KAy a,145C2

—kaytAs—a,€4C5 — ka,1a—A;C4Cs,

dCs

i kay a4 +A5C2 +kayrAs—A,CaCs,

dC6

Fri —ka,1Ag—A7C4C6 + kA, —a4CT,

dC7

i kay+ag—A7€4C6 — kasa4C7- (12b)

For (12b) two mass conservation conditions are found:

d(cy+c3+c5 d(ce+c7
% =0 and % =0. (12¢)

Network (12a) has N=7, r=7, p=1, s = 5.
By choosing a spanning subnetwork, a corresponding
spanning-subnetwork vectord (r—p—s=7—1-5=
1) derived from (3) consists of the following elements:

doa, =1, dayray-as14, =1, dayn, =1, (132)
dA2—>A4+A5 = 07 dA4+A6—>A7 = 17 dA7—>A6 =1.

By the above d and the positive real eigenvalue
conditions, a set of inequalities and equations is con-
structed:

For the reversible reaction Ay — A4+As with A, —
Ay +As €F, [&1 o+ an]-0—Yay—a,445 and [& (pa +
Hs) 4 0] -0 — Ya, 4,145 AT€ S. C. W. g + Us — Ho.

For the irreversible reaction 0 — Aq,

él > 07

[§1-0+0au] = Y4, =0.
For the irreversible reaction A| + Ay — A3z + Ay,

& >0,

(&1 (1 4 u2) + 0] — YA, +4, 4544, = 0.
For the irreversible reaction A3 — A»,

&1 >0,

(&1 - 34 0u] — Yaz—a, = 0.
For the irreversible reaction A4 +Ag — A7,

& >0,

(&1 (g + 16) + 0] — Yoy 1464, = 0.
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For the irreversible reaction A7 — Ag,
&1 >0,
(6117 +ou]

From (6), an eigenvector y € S; for network (12) is
represented by

- ’)/A7*>A() = O (13b)

Y= [AI}(YO—AI - YA1+A2—’A3+A4)

2) (= VA +Ar—A31As T YAz Ay — YAr—AstAs)

3)(YA 1 +Ar—As+A, — ’}/A3~>A2)

(
4)( Vag+Ag—A7)
(

(=

]

(VA +43-A3+44 + Var—ay+45 —
[As] (YA, —A4+45)

} Yas+Ag—A7 T 7A7HA())

] (14a)

[A7 (,}/A4+A6—>A7 - ,}/A7—>A6)-

The p is required to be s. c. w. . This implies that

M1 iss.C.W. Yooa,

U iss.c.w

— YA +Ar—A3 Ay

— YA1+Ar—As+As T YAz —A,
— YAy —A4+Ass
H3 1S S. €. W. YA +4,—A3+44 — VAs—Ay s
Ha i8S S.C. W. YA, +A;—As+4s + YAy —As+as  (14D)

— YAy+Ag—A7>
Us 1S S.C. W. YA, ~A4+As>
Usiss.c.w

U718 S.C.W. YAy 1Ag—A; —

— Yas+Ag—A7 T VA —Ags
’}/A7~>A()~
By assuming the sign pattern of the vector u, we

find a set of solutions to the linear system of (13) and
(14) by the Simplex method. It is

IJ' = [.ula"',“ﬂ = [_1a6a4a8a_17_6a 1]7
=1, a =0,

Yo—a, = 0, YA +4,—A3+A, = 5, (15)
YAz —Ay = 47 Ya,—As4+45 = _27

Yas+Ag—A7 =2,  Ya;—as = 1.

Based on (7) and (15), we construct an unstable
steady state ¢* having a positive real eigenvalue (A =
1) with its eigenvector ¥ € S; and a set of correspond-
ing positive rate constants. The calculated steady state

0L A,
Al+Ar 22 A+ Ay,

AL A,
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25
B The path of I.C. 1: K-P-Q-N-R-P-Q...
O The path of I.C. 2: L-P-Q-N-R-P-Q...
209 g The path of I.C. 3: M-Q-N-R-P-Q...
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Fig. 2. The phase portrait for the
C, mol/l reaction network (16a).
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Fig. 3. The concentration-time plot for the reaction network (16a) with different rate constants k, 44,4, -
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Ka+A—=A, (mol/1)’s

A %A4+A5,
Ast+As 2 Aq,

A L A, (16a)

* * * * * * * *
4 *[C17C27C37C47C57C67C7}

=1[5,1/6,0.25,0.125,2,1/6,1]

is one of the many that are unstable.

Similar to example 1, the reaction network (12a) has
deficiency one and can not admit multiple steady states
no matter what rate constants it might have. Where
does an initial concentration, near the unstable steady
state ¢* in (16b) and satisfying the mass conservation
conditions in (12c), go without approaching any other
steady state? For network (16), four different initial
conditions, satisfying the mass conservation conditions
in (12c), are numerically simulated and the phase por-
trait c; vs. cg is shown in Figure 2. The unstable steady
state ¢* in (16b) (I. C. 4) and the other two initial con-
ditions (I. C. 2 and I. C. 3) are surrounded by a clock-
wise stable limit cycle (R - S — T — R —...). The
I. C. 1 outside of the limit cycle also approaches it.

Figure 3 shows the concentration (c¢)-time (¢) plot
with variation of the rate constant k4,44 4,. When
ka,+As—A; €quals to 12.9, the system admits a stable
steady state; it gives rise to a stable limit cycle for
ka,+As—A; €qual to 13.5, 25 and 48 with an increase

(16b)

Fig. 4. The bifurcation plot

1 (kg +44—4, V8. cg) for the reac-

tion network (16a).

of the oscillating cycle time and the amplitude of cg
when increasing the rate constant ks, 4,. Figure
4 displays the bifurcation plot of k4444, VS. Cé.
If ka,yaq—A, is smaller than 13, the system admits
a stable steady state, and the stable state concentra-
tion c¢ almost remains unchanged. When ka, 1 4,4, is
greater than 13, the system exhibits a stable limit cycle.
For ks, 1444, greater than about 20, the amplitude of
ce in the limit cycle (indicated by the max. and min.
value in Fig. 4) also remains almost unchanged. When
13 < ka, 1454, < 20, the amplitude of ¢¢ in the limit
cycle increases with an increase of the rate constant
ka,+ag—A7-

For both examples 1 and 2, a perturbation of an un-
stable steady state approaches to a stable limit cycle. A
steady state with a pair of complex conjugate eigenval-
ues would indicate a limit cycle appearing via a Hopf
bifurcation. It would be nicer than the condition pro-
posed in this work to have a condition for mass action
kinetics having a steady state with a pair of complex
conjugate eigenvalues. The existence of a limit cycle
might be predicted directly by such a condition with-
out a computer simulation.

Example 3

Consider the following Langmuir-Hinshelwood
mechanism for a bimolecular reaction in an ideal
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isothermal CSTR, in which the interphase resistance
is neglected [23]:

A; =0 =A,,
7
Ag
Al +Az = Ay,
Ay +2A5 = 245,
As+As — Ag+ 2A3.

(17a)

Species A| and A, are reactants; A3 is a vacant active
site; A4 and A5 are active sites adsorbed by A and A,,
respectively; and Ag is a product. The corresponding
mass action differential equations for network (17a)
are

d01
_dt = —kA|~>()C] +k0~>A1 — kA1+A3~>A4C]C3
+ kA4‘>A1+A3 C4,
d02
— 2
dt = _kA2_>OC2 + ko_’Az - kA2+2A3—>2A5 C2C3
2
+ k2A5HA2+2A3C5,
dC3
T —ka,+a3—A,C163 F Koy —A, +A5C4
2 2
B 2kA2+2A3_’2A5 €203 + 2k2A5—>A2+2A3 Cy
(17b)
+ 2kA4+A5~>A()+2A3C4C57
dC4 k
—— = KA|+A;—4,C1C3
dr 1TA3—A,
- kA4*>A1 +A3C4 — kA4+A5~>A()+2A3C4C57
dC5
i) 2
G = 2Kaz+243-2450263
2
_ 2k2A5—>A2+2A3C5 — kA4+A5—>A6+2A3C4C5,
dC6
dr = —kag—0C6 + kay+A5—45+245C4C5.
For (17b) a mass conservation condition is found:
d(c3+cs+cs
Noesvestes) 0. (17¢)
dr

Network (17a) has N =6, r =10, p=4 and s = 5.
By choosing a spanning subnetwork, a corresponding
spanning-subnetwork vectord (r—p—s=10—4 —
5 =1) is derived from (3). Its elements are

doa, =2,

da,1A3—4, = 2,

do—a, =1, dag—0=2,

day 12453245 = 1, (18a)

Ap, 1 As—Ag 243 = 2.

787

By the above d and the positive real eigenvalue
condition, a set of inequalities and equations is con-
structed:

01 (2) — Yo—a, and
(&1 (1) 4+ 0ou](2) — Y—a, are s.c.w. Uy,
ai(1) = %4, and
(&1 (12) + 0ou](1) — Y—a, are s.c. w. Uy,
(1 (11 + p3) + 1](2) — Y, +45—4, and
(1 (1a) + 1](2) = 1Ay +45-a4
are s.c.w. Uy — [ — U3,
(&1 (p2 +2u3) + o] (1) — Ya, 424,245 and
[61(2u5) + 0] (1) — Yay+245—245
are s.c.w. 2Us — Up — 23,
&1(2) > (0),
[E116 + 1] (2) — Yag—0 =0,
[E1(pa + s) + 1](2) = Yay+as—ag+245 = 0.

(18b)

According to (6), an eigenvector ¥ € S; can be rep-
resented by

Y= [A1](N-4, — Vay+45-4,)
+ [A2] (Yo, — Yart245—245)
+ [A3] (=74, +45—4s — 2VAr+245245
+ 2¥A4 145 —Ag+245) (19a)
+ [A4) (YA 44344 — VAg+As—Ag+243)
+ [As](2¥a, 1245245 — Yag+A5—245)
+ [A6)(—Yag—0 + Yay+As—Ag+245)-

It is required that g is s. c. w. y. This implies that

U118 S.C.W. YA, — YA +43—A4s

U218 S.C. W. Yo, — YAy+243245)

U3 S S.C.W. — YA, +43—Ay — 2VAr+243—245
+ 2Va, 1 A5 A6 12455 (19b)

M4 1S 8. C. W. YA +A3 A4 — YAstAs—Agt2A35

M5 1S S. C. W. 2¥4y 1245245 — YAs+As—Ag+2A35

U6 1S 8. C.W. — Va0 + YAy +AsAg 1245

We find a set of solutions to (18b) and (19b). It is

1 =0.00175, = 0.001, p3=—0.00225,
s =0.001, ps=—0.003, pe=—0.0015,
E =1, a5 =0.001,

Y4, = 0.0005, Y4, = —0.000875,



A.-C. Chao et al. - Unstable Steady States in Chemical Reaction Networks

788
1.0

o

: C"

o 6

E 0.8 4 O_/O_/O"Wwo

o
Q
. °C*

U 06

o

o
O 0.4 1

(<P}

+—

]

it
V) 02

>
o

S oo- oo —wee—o—o
+~ c!

m 6

2.6 2.7 2.8 2.9 3.0 3.1 3.2 3.3

k, A (mol/) st

Ya,+24;—245 = —0.0015,
Yag0 = —0.001. (20)

YA +A3—-4, = 0,
Yag+As—Ag+24; = —0.002,

Based on (7) and (20), we construct an unstable
steady state ¢* having a positive real eigenvalue (A =
1) with its eigenvector ¥ € S; and a set of correspond-
ing positive rate constants. The calculated steady state

3 2.875
0—=A,,
2.85714 3

13
Ag

Ay

21 (21a)
—
Art+As gy As

11.34
A2+2A3T2A5’
Ag+As 5 A+ 243,
c* = [CT’cé’cé’cz’cé’cé}

~ [0.28571,0.625,0.44444,2,
0.33333,0.66666]

(21b)

is one of the many that are unstable.

The reaction network (17a) has deficiency one, and
the deficiency one algorithm shows that it has capacity
to admit multiple steady states. The perturbation of the
unstable steady state in (21b) grows and approaches

Fig. 5. The change of the steady
state concentration cg with the
rate constant ko_.4, for the reac-
tion network (21a).

two other stable steady states. In Fig. 5, the steady
states and bistability occurring in network (21a) are il-
lustrated as hysteresis with variation of ko_.4,. In re-
action network terms, the rate constant ko4, equals
to the flow rate of the reactor multiplying the feed
concentration of species A;. Increasing the feed con-
centration of species A increases the value of ko_.4,,
and vice versa. The steady states ¢’ (the lower points)
and ¢” (the upper points) are both stable and an un-
stable steady state ¢* lies somewhere between ¢’ and
c”. The higher steady state concentration cg establishes
for a lower ko4, (< 2.857); while for kg_.4, higher
than 3.032 the steady state associating with a lower
concentration cg is obtained. When kg_4, is in be-
tween, a hysteresis loop containing three steady states,
two stable ones and an unstable one, occurs and the
steady state depends on the initial concentrations. This
shows the nonlinear phenomenon that a higher input
rate of reactant A; (ko—4,) generates a lower product
Ag output.

Figure 6 shows a two-parameter (kA1+A3HA "
ko—a,) plane for different values of the rate constant
ka,+a5—ag+245) (= 3 and 1) for network (21a). Inside
the cusp region, there are three steady states, two sta-
ble ones and an unstable one. They display the inside
regions of a hysteresis loop similar to Figure 5. Right
on the curves of the cusp, there are two steady states,
a stable one and a saddle-node bifurcation. They rep-
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5
T‘m 4 4
=
o kA4+A5 %A6+2A3=3
=
N
-~ - 3 -
T
a2
1
Tt R
Fig. 6. The locus of multi-
1 T T T ple steady state bifurcation
5 10 15 20 25 for the network (21a) in the
k L (ka,+45—A,ko—a,) plane for
-1 - different values of the rate
mol/l)"s
A1+A3 — A4’ ( ) constant ko, +A;—Ag-+24;-

resent the two end points of a hysteresis loop. Only
a single steady state exists outside the cusp region in
Fig. 6, which displays the outside region of a hysteresis
loop. Figure 6 shows that, to maintain the existence of
the steady state multiplicity under a fixed rate constant
kay+As—Ag1245, the larger the rate constant ka4,
is, the smaller the rate constant ko_.4, is required and
the wider the range of it exists. To maintain the exis-
tence of the steady state multiplicity under a larger rate
constant k4, 45441245 it s required to increase both
the rate constant kg4, and kg, 4 4;—4,-

4. Conclusions

The positive real eigenvalue condition provides a
necessary and sufficient condition for the determina-
tion of an unstable steady state having a positive real
eigenvalue for mass action reaction networks of any
deficiency. The formula given in (7) can be used to con-
struct a set of positive rate constants and an unstable
steady state. Three deficiency one reaction networks
are determined to have an unstable steady state with a
positive real eigenvalue. Two exhibit sustained oscilla-

tions by approaching a stable limit cycle, and the other
one admits multiple steady states.

The condition proposed in this work can be applied
to a reaction network of any deficiency, it is particu-
larly useful for a deficiency one network. The systems
of inequalities and equations derived for a deficiency
one network are linear and they can be solved by the
Simplex method. The examples studied in this paper
belong to such a category. When a chemical or a bi-
ological system involving many species with complex
reactions is considered, this proposed method shows its
advantages.

For networks having a deficiency higher than one,
the derived system of inequalities and equations might
become nonlinear and might not be easily solved. For
them the strategy used in the subnetwork analysis [24]
might be helpful. The idea is to study their deficiency
one subnetworks by the positive real eigenvalue con-
dition. If a deficiency one subnetwork is determined
to admit an unstable steady state with a positive real
eigenvalue, then the unstable steady state might also
generate instability for the original network and even
for a family of reaction networks.
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